Abstract. The dynamics of the solution flow of a two-species Lotka-Volterra competition model with an extra equation for simple inhibitor dynamics is investigated. The model fits into the abstract framework of two-species competition systems (or K-monotone systems), but the equilibrium representing the extinction of both species is not a repeller. This feature distinguishes our problem from the case of classical two-species competition without inhibitor (classical case for short), where a basic assumption requires that equilibrium to be a repeller. Nevertheless, several results similar to those in the classical case, such as competitive exclusion and the existence of a "thin" separatrix, are obtained, but differently from the classical case, coexistence of the two species or extinction of one of them may depend on the initial conditions. As in almost all two species competition models, the strong monotonicity of the flow (with respect to a certain order on R 3 ) is a key ingredient for establishing the main results of the paper.
accounts for the reduction of the relative growth rate of the species u due to the uptake of the inhibitor w. In other words,c 1 v in (1.2) is replaced by c 1 v + γ 1 w. The intrinsic growth termã 2 in (1.2) is modified to (1 −κ)a 2 reflecting the fact that producing an anti-competitor toxin reduces the resources available for reproduction in case of the second species. The evolution of the inhibitor is modeled in adhering to the simplicity of the model; the production rate for w should be proportional to v, while the effects of uptake and disintegration are modelled by −γ 2 uw and δw, respectively.
The coefficients a j , b j , c j , γ j are positive, the parameter κ ∈ [0, 1]. Clearly, κ = 0 means that no anti-competitor toxin is produced, and we basically obtain (1.2) if w(0) = 0 is assumed. The other extreme case κ = 1 describes a situation where the second species is not able to reproduce, which leads to its extinction and the removal of the toxin.
If κ < 1, (1.1) has three "trivial" equilibria, i.e. nonnegative steady states where at least one species is extinct. It is easy to see that (0, 0, 0) is always unstable (two unstable directions), whereas the stability properties of the equilibria (u , 0, 0),
, and (0, v , w ), v := (1 − κ)a 2 c 2 , w := κb 3 v δ , depend on the coefficients in (1.1). Additionally, one finds at most two nontrivial equilibria in the open cube C := (0, u ) × (0, v ) × (0, w ) (cf. Theorem 3.5) unless (1.1) has infinitely many equilibrium solutions. It is our goal in this paper to investigate the asymptotic behavior of positive solutions of (1.1) in case that there are only finitely many equilibria. It is common and convenient to formulate hypotheses in terms of existence and stability of such equilibria, rather than listing conditions for the coefficients. For simplicity, let us summarize our results by focusing on solutions in C. Note that C is positively invariant under the solution flow induced by (1.1). If there exists no positive equilibrium, we establish in section 4 competitive exclusion in the sense that every solution of (1.1) in C converges to one and the same trivial equilibrium different from (0, 0, 0). More precisely, we obtain exactly the alternative of Theorem B of [13] . Section 5 is devoted to the cases where nontrivial equilibria exist. Firstly, assume that there is only one nontrivial equilibrium (u , v , w ) . If all trivial equilibria are unstable, we derive stable coexistence, i.e. solutions in C converge to the nontrivial equilibrium. If one of the two trivial equilibria (u , 0, 0), (0, v , w ) is stable and the other one is unstable, then we establish the existence of a (topological) surface separating C in such a way that convergence to the stable trivial equilibrium occurs in one of the resulting regions and convergence to (u , v , w ) Considering two-species competition involving an inhibitor has been motivated by the work of Paul Waltman and collaborators who have investigated the corresponding question in a chemostat setting. We refer to [3] and the references therein. Their resulting system of four equations lacks strong monotonicity properties, hence the methods employed in the case of a chemostat are quite different from ours.
Also, notice that allelopathy, the release of phytotoxins by plants, is according to [2] the process by which Centaurea maculosa (spotted knapweed) displaces native communities of plants in North America. System (1.1) could be a first setting for modeling such a phenomenon on an ecological scale.
As for (1.2) withã j ,b j ,c j (j = 1, 2) positive, it is well-know that every solution (u, v) : R + → R 2 + of (1.2) is bounded, hence a result by Hirsch, cf. Corollary 2.8 in [12] , shows that all such solutions are convergent as t → ∞. We cannot expect a corresponding statement for three-species competition systems ( [19] ), but a Poincaré-Bendixson theorem holds ( [27] , [28] ). A comprehensive account of the global dynamics of three-species systems in terms of the coefficients can be found in [31] . It should be mentioned that the global asymptotic dynamics of competitorcompetitor-mutualist models is extensively investigated in [24] , [30] , [32] , [33] , etc. and that two species competition systems with diffusion are quite well understood (see [1] , [7] , [9] , [10] , [11] , [13] , [14] , [22] , [34] , etc.). Moreover, two species competition systems with cross-diffusion have also been studied by many authors (see [5] , [6] , [18] , [25] , and references therein).
We remark that system (1.1) fits into the context of abstract two species competition models by considering x = u as one species and y = (v, w) as the other species (see [9] , [13] , [29] , etc.). It also fits into the context of so-called type K-monotone dynamical systems with x = u as one competing subcommunity and y = (v, w) as the other competing subcommunity (see [16] , [17] , etc.). There are numerous investigations on abstract two species competition models as well as on type Kmonotone systems (see [9] , [13] , [16] , [17] , [29] , etc.). However, due to the inhibitive nature of w in (1.1), there are some fundamental assumptions required for abstract two species competition systems in [9] , [13] (e.g. the repelling property of (0, 0, 0)) and for type K-monotone systems in [16] , [17] (e.g. the invariance of R + ×R + ×{0}) which are not satisfied by (1.1). Therefore, the general theory for abstract two species competition systems and for type K-monotone systems cannot be applied directly to (1.1). Nevertheless, some results similar to those in [13] , [29] such as the competition exclusion and the existence of a "thin" invariant set or separatrix (i.e. the separating surface mentioned above) are here obtained for (1.1).
Our approach can be employed for more general two-species competition systems with inhibitor as long as the equilibria structure is the same as the one of (1.1). Moreover, the methods should be valuable for dealing with analogous nonautonomous (diffusive) problem (subject to homogeneous Neumann boundary conditions) within the framework investigated, e.g., in [10] . However, additional tools will be required in order to tackle problems of this generality. Motivated by (1.1), it would be interesting to investigate the dynamics in abstract two species competition systems for which the equilibrium representing the extinction of both species is not a repeller.
2.
Preliminary. Let X be a Banach space with a positive cone X + , Int X + = ∅, and ≤ be the ordering in X induced from X + , that is, for u, v ∈ X,
Suppose that Φ t : X → X is a strongly monotone and continuously differentiable semiflow with Φ t (X + \ {0}) ⊂ Int X + and Φ t completely continuous for all t > 0.
Proof. See [12] , [20] , [23] , or [28] .
cannot contain two points x and y with x < y.
Proof. See [12] , or [28] .
, where m i ∈ {0, 1}, and Φ t is the flow generated by a smooth system of differential equations on X. Then 
Lemma 2.4. Assume that X is locally compact and M is a compact isolated invariant set for the flow Φ t (i.e. M is the maximal invariant set in some neighborhood of itself ). Then for any
Proof. See [4] .
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3. Ordering Properties and Stability of Equilibria.
, and ≤ 1 and ≤ 2 be the following two orderings in X:
and
and the theorem follows from Proposition 5.1 in [28] .
Then (u * , 0, 0), (0, 0, 0) and (0, v * , w * ) are equilibrium solutions of (3.1). We call them trivial equilibria and call other equilibrium solutions nontrivial equilibria. An equilibrium solution (u * , v * , w * ) is said to be nontrivial positive
The following proposition can be proved easily. 
This implies that
2) It can be proved by arguments similar to those in 1).
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3) Observe that the linearized equation of (3.1) at (u
and the linearized equation of (3.1)
Observe also that
3) then follows.
The nontrivial equilibria of (3.1) satisfy
, and u satisfies
Then u satisfies
GEORG HETZER AND WENXIAN SHEN
Suppose that (u * , v * , w * ) is a nontrivial equilibrium of (3.1). The linearized equation of (3.1) around (u * , v * , w * ) is
and 
Hence it is not difficult to see that (3.1) has at most one nontrivial positive equilibrium and a * 3 < 0 is a necessary condition for (3.1) to have a nontrivial positive equilibrium.
By a * Without loss of generality, assume that (u
It then follows that det(A i ) = 0 for i = 1 or 2. By the Krein-Rutman theorem (see [8] , [15] ), the eigenvalue of A i with the largest real part is real and simple (i = 1, 2). We denote it by λ 
Proof. Let
4. Competitive Exclusion.
Theorem 4.1. Consider (3.1). Then exactly one of the following statements holds. 1) There is a nontrivial equilibrium of 
If there is no such τ , then w(t) > w * and decreases for t > 0. Hence 
If there is no such τ , then v(t) > v * and decreases for t > 0. Hence
Therefore, in any case,
5. Convergence. In this section, we consider (3.1) under the non-degeneracy assumption that there are only finitely many equilibrium solutions in X + . Then, according to Theorem 3.5, (3.1) has at most two nontrivial equilibria. Moreover, if there are two nontrivial equilibria, then they are ordered with respect to ≤ 2 , and at least one of them is hyperbolic.
Theorem 5.1. If (3.1) has no nontrivial equilibrium, then either
Theorem 5.2. Suppose that (3.1) has one nontrivial equilibrium (u * , v * , w * ). Then the following hold.
Here 
Moreover, for any The dynamics changes as follows with κ. If κ < κ 1 , Theorem 5.2 1)) applies and solutions in the positive octant converge to E 2 (κ), i.e. coexistence. For κ ∈ (κ 1 , 1 8 ) the trivial equilibrium (0, 2 − 2κ, 16κ(1 − κ)) emerges as a second asymptotically stable equilibrium, and Theorem 5.3 describes the dynamics. E 1 (κ) is located on the surface which separates the basins of attraction. Such a case cannot occur for a Lotka-Volterra two-species competition system (1.2). If κ ∈ ( 1 2) ). It seems that this example could also be a starting point for modeling competition involving an oligopoly. Rather than emphasizing earnings or cash flow, the oligopoly may be better off by spending resources in order to undermine the viability of a competitor's business model.
The following example shows that a species which suffers extinction under (1.2), can find a niche if capable of producing a strong toxin. This situation can be modeled
